Abstract. We define the stabilizing number sn(K) of a knot K ⊂ S 3 as the minimal number n of S 2 × S 2 connected summands required for K to bound a nullhomotopic locally flat disc in D 4 # nS 2 × S 2 . This quantity is defined when the Arf invariant of K is zero. We show that sn(K) is bounded below by signatures and Casson-Gordon invariants and bounded above by the topological 4-genus g top 4 (K). We provide an infinite family of examples with sn(K) < g top 4 (K).
Introduction
Several questions in 4-dimensional topology simplify considerably after connected summing with sufficiently many copies of S 2 ×S 2 . For instance, Wall showed that homotopy equivalent, simply-connected smooth 4-manifolds become diffeomorphic after enough such stabilizations [Wal64] . While other striking illustrations of this phenomenon can be found in [FK78, Qui83, Boh02, AKMR15, JZ18] , this paper focuses on stable embeddings of discs in 4-manifolds.
A link L ⊂ S 3 is stably slice if there exists n ≥ 0 such that the components of L bound a collection of disjoint locally flat nullhomotopic discs in the manifold D 4 # nS 2 × S 2 . The stabilising number of a stably slice link is defined as sn(L) := min{n | L is stably slice in D 4 # nS 2 × S 2 }.
Stably slice links have been characterised by Schneiderman [Sch10, Theorem 1, Corollary 2]; we recall this characterisation in Theorem 2.10. This paper establishes lower bounds on sn(L) and, in the knot case, describes its relation to the 4-genus. Our first lower bound uses the multivariable signature and nullity [Coo82, CF08] . Let T m = (S 1 \{1}) m ⊂ C m denote the m-dimensional torus. Recall that for an m-component link L, the multivariable signature and nullity functions σ L , η L : T m → Z generalize the classical Levine-Tristram signature and nullity of a knot. These invariants can either be defined using C-complexes or using 4-dimensional interpretations [Coo82, Flo05, Vir09, CNT17, DFL18] and are known to be link concordance invariants on a certain subset T m ! ⊂ T m [NP17, CNT17] . Our first lower bound on the stabilising number reads as follows. The proof of Theorem 1.1 relies on the more technical statement provided by Theorem 3.5. This latter result is a generalization of [CNT17, Theorem 3 .7] which is itself a generalization of the Murasugi-Tristram inequality [Mur65, Tri69, FG03, Flo05, CF08, Vir09, Pow17] . As illustrated in Example 3.11, Theorem 1.1 provides several examples in which the stabilising number can be determined precisely. Here, note that upper bounds on sn(L) can be often be computed using band pass moves; see Construction 2.6.
In the remainder of the introduction, we restrict to knots. Analogously to 4-genus computations, we are rapidly confronted to the following problem: if a knot K is algebraically slice, then its signature and nullity are trivial, and therefore the bound of Theorem 1.1 is ineffective. Pursuing the analogy with the 4-genus, we obtain obstructions via the Casson-Gordon invariants. We also briefly mention L (2) -signatures in Remark 4.17.
To state this obstruction, note that given a knot K with 2-fold branched cover Σ 2 (K) and a character χ on H 1 (Σ 2 (K); Z), Casson and Gordon introduced a signature invariant σ(K, χ) and a nullity invariant η(K, χ), both of which are rational numbers. We also use β K to denote the Q/Z-valued linking form on H 1 (Σ 2 (K); Z). Our second obstruction for the stabilising number is an adaptation of Gilmer's obstruction for the 4-genus [Gil82] . Theorem 1.2. If a knot K bounds a locally flat disc D in D 4 # nS 2 × S 2 , then the linking form β K can be written as a direct sum β 1 ⊕ β 2 such that
(1) β 1 has an even presentation matrix of rank 4n and signature σ K (−1); (2) there is a metabolizer β 2 such that for all characters of prime power order in this metabolizer, |σ(K, χ) + σ K (−1)| ≤ η(K, χ) + 4n + 1.
In Example 4.14, we use Theorem 1.2 to provide an example of an algebraically slice knot whose stabilising number is at least two. Readers who are familiar with Gilmer's result might notice that Theorem 1.2 is weaker than the corresponding result for the 4-genus: if K bounds a genus g surface in D 4 , then Gilmer shows that β K = β 1 ⊕ β 2 where β 1 has presentation of rank 2g, and not 4g.
In view of Theorem 1.1 and Theorem 1.2, one might wonder whether the stabilizing number is related to the 4-genus. In fact, we show that the stabilising number of an Arf invariant zero knot is always bounded above by the topological 4-genus g 4 with boundary K, use the Arf invariant zero condition to obtain a symplectic basis of curves of Σ, so that ambient surgery on half of these curves produces a disc D in D 4 # gS 2 ×S 2 . To make this precise, one must carefully keep track of the framings and arrange that D is nullhomologous.
Remark 1.4. During the proof of Theorem 1.2, we construct a stable tangential framing of a surface Σ ⊂ D 4 bounding a knot K such that Arf(K) can be computed from the bordism class [Σ, f ] ∈ Ω fr 2 ∼ = Z 2 . Although this result appears to be known to a larger or lesser degree [FK78, Kir89, Sco05] , we translated it from the context of characteristic surfaces; as it might be of independent interest.
Motivated by the striking similarities between the bounds for sn(K) and g top 4 (K), we provide an infinite family of knots with 4-genus 2 but stabilising number 1; see Proposition 4.16 for precise conditions on the knots J i . Proposition 1.5. If J 1 , J 2 , J 3 have large enough Levine-Tristram signature functions and vanishing nullity at all 15-th roots of unity, then the knot K := R(J 1 , J 2 , J 3 ) described in Figure 8 has g top 4 (K) = 2 but sn(K) = 1. The idea of the proof of Proposition 1.5 is as follows. To show that K has stabilising number 1, we use the following observation, which is stated in a greater generality in Lemma 2.9: if K is obtained from a slice knot by a winding number zero satellite, then K has stabilizing number 1. To show that K has genus 2, we use Casson-Gordon invariants: namely, we use the behavior of σ(K, χ) and η(K, χ) under satellite operations, as described in Theorem A.5 and Proposition A.10. Note that such a satellite formula for σ(K, χ) has appeared in [Abc96] , but unfortunately contains a mistake; see Example A.1.
We conclude this introduction with three questions. Question 1.6. Does the inequality sn(L) ≤ g top 4 (L) hold for stably slice links L of more than one component? Question 1.6 is settled in the knot case: Theorem 1.3 shows that sn(K) ≤ g top 4 (K) holds for stably slice knots. We are currently unable to generalize this proof to links.
Let W be a 4-manifold with boundary ∂W ∼ = S 3 . We say that a properly embedded disk ∆ is nullhomologous, if its fundamental class [∆, ∂∆] ∈ H 2 (W, ∂W ; Z) vanishes. By Poincaré duality, ∆ is nullhomologous if and only if ∆ · α = 0 for all α ∈ H 2 (W ; Z), where · denotes algebraic intersections.
The next definition introduces the main notions of this article.
Definition 2.1. A link L ⊂ S 3 is stably slice if there exists n ≥ 0 such that the components of L bound a collection of disjoint locally flat nullhomologous discs in the manifold D 4 # nS 2 × S 2 . The stabilising number sn(L) of a stably slice link is the minimal such n. Proof. Pick locally flat immersed disks ∆ = ∆ 1 ∪ · · · ∪ ∆ m in D 4 that cobound the link L = K 1 ∪ · · · ∪ K m , and which only intersect in transverse double points. For each disk ∆ i , connect sum D 4 with a separated copy of S 2 × S 2 . Now connect sum each disk ∆ i into the {pt} × S 2 of its corresponding S 2 × S 2 summand. This way, each disk ∆ i has a dual sphere S 2 × {pt}, that is a sphere that intersects ∆ i geometrically in exactly one point. As a consequence, a meridian of ∆ i bounds the punctured S 2 × {pt}, which is disjoint from ∆. The dual sphere S 2 × {pt} has a trivial normal bundle, so we can use push-offs of it. This implies that a finite collection of meridians of ∆ will bound disjoint disks in the complement of ∆.
At each double point x of ∆ pick one of the two sheets. This sheet will intersect a tubular neighbourhood of the other sheet in a disk D x , whose boundary is the meridian µ x . For the collection of meridians {µ x }, find disjoint disks D x as above, namely by tubing into a parallel push-off of S 2 × {pt}. Replace D x with D x to remove all immersion points, and call the resulting disjointly embedded disks ∆ i .
For the second part of the lemma, pick the immersed disk ∆ for K to have selfintersection points whose signs add up to k by proceeding as in [Sco05, Figure 2 .4] for example. Tubing ∆ into the dual sphere as above results in a disk ∆ , which represents the class [{pt}
Our next goal is to provide examples of stably slice links using band pass moves. Recall that a band pass is the local move on a link diagram depicted in Figure 1 . The associated equivalence relation on links has been studied by Martin, and it agrees with 0-solve equivalence [Mar15, Section 4]. We wish to show that if a link is band pass equivalent to a strongly slice link, then it is stably slice. To achieve this, we introduce a relative version of stable sliceness. 
The dashed arrow sends the class [Σ
Since H 2 (X , ∂W ; Z) = H 2 (S 3 ×I, S 3 ×{−1}; Z) = 0, this shows that the disk Σ i ∪∆ i is nullhomologous, as desired.
Next, we show how band pass moves give rise to stable concordances. Construction 2.6 (Band pass concordance). Let L be an m-component link, and let L be a link obtained from L by a single band pass move. Let K and J be the two components of L which form the band; note that K and J could potentially coincide.
We will construct a nullhomologous concordance
We start off with the trace L × I S 3 × I of the band pass isotopy. Note that the annuli A K = K × I and A J = J × I intersect in four double points, while all the other components of L × I are already embedded. We will homotope rel boundary A K and A J in S 3 × I# S 2 × S 2 to make them embedded, while keeping the other components of L × I unchanged. Let B 3 ⊂ S 3 be the 3-ball where the band pass takes place. The four double points lie in B 3 × I. Each of the annuli A J and A K intersect this 4-ball in exactly two disks, and the other components of L × I are disjoint from B 3 × I. A neighbourhood of the four intersection points has the following model. The ambient space is R 4 = R 2 × R 2 , while the annulus A K corresponds to the two planes H K = ± ± 1/2 × R 2 with opposite orientations, and A J corresponds to H J = ± R 2 ×{±1/2}. The four planes intersect in the four points {±1/2}×{±1/2}. Next, we connect sum the ambient space R 4 with S 2 ×S 2 to resolve these four double points.
We describe R 4 # S 2 × S 2 in this local model. Let D ≥1 := {z ∈ S 2 : |z| ≥ 1} be the upper hemisphere of
can now be described as follows:
In this connect sum, the planes can be rerouted:
Verify that the new planes H K and H J are disjoint, and that they respectively intersect the spheres {∞} × S 2 , S 2 × {∞} in a pair of double points with cancelling sign.
Returning to S 3 ×I# S 2 ×S 2 , modify the annuli A K and A J as in the local model. Let A K and A J be the resulting annuli. In the trace L × I, replace A K by A K and A J by A J . Denote the resulting collection of annuli by ∆ ⊂ S 3 × I# S 2 × S 2 . The components of ∆ are disjointly embedded and nullhomologous annuli.
The annuli constructed in Construction 2.6 can also be seen using Kirby moves.
Remark 2.7. The annuli constructed in Construction 2.6 is the trace of the handle slides near the 2-handles of S 3 × I# S 2 × S 2 depicted in Figure 2 . Note that we always move a pair of strands over the 2-handles, which carry opposite orientations, and so the resulting cylinders are nullhomologous. Example 2.8. Consider the 4-component link L depicted in Figure 3 , which is the Bing double of the Hopf link. We claim that the stabilising number of L is 1. Sliding the link over the depicted 2-handles (or doing the associated band pass), we deduce that L is slice in
. Therefore sn(L) = 1, as claimed.
In Example 2.8, we converted crossing changes into band passes via Bing doubling. In order to generalize from Bing doubles to arbitrary winding number 0 satellite operations, we first recall the set-up for satellites. Let R ⊂ S 3 be a knot together with an infection curve η ⊂ S 3 \ R, which is an unknot η ⊂ S 3 and an integer k ∈ Z. The exterior S 3 \ ν(η) has an evident product structure S 1 × D 2 , and we may consider R as a knot in S 1 × D 2 . Now suppose we are given another knot J ⊂ S 3 . Fix the trivialisation ν(J) ∼ = J × D 2 that corresponds to the integer k in the Seifert framing, i.e. the framing which maps J × {1} to the curve kµ J + λ J . Keeping this identification in mind, the satellite R(J; η, k) is the knot
The exterior of R(J; η, k) is X R(J;η,k) = X R \ ν(η) ∪ X J , where we identify the boundary tori via µ η → kµ J + λ J and λ η → µ J . We say R ⊂ S 1 × D 2 is the pattern, and the knot J is the companion. The linking number lk(R, η), which coincides with the (algebraic) intersection number R · ({pt} × D 2 ), is called the winding number. We also write R(J; η) instead of R(J; η, 0).
. Twice the knot R(J; η, k); on the right as an infection R (J; η), where R is obtained from R by adding k full left-handed twists.
The next lemma describes the effect of winding number 0 satellite operations on stable concordance.
Lemma 2.9. Let R be a winding number 0 pattern, J a knot, and k ∈ Z. Then the satellite R(J; η, 2k) is 1-stable concordant to R = R(U ; η).
Proof. Use the last assertion of Lemma 2.3 to pick a locally flat disk
bounding the companion knot J, and which represents the homology class
. While we require that D is embedded, it need not be nullhomologous. Note that J is the core S 1 ×{0} of the solid torus 
, and therefore x · x = 2k, where · denotes the intersection form of D 4 # S 2 × S 2 . Since D is embedded and x · x = 2k, the (relative) Euler number of D is 2k. Thus, the unique trivialisation ν(D) ∼ = D × D 2 induces the 2k-framing on the knot J. Consequently, the annulus A admits a framing that restricts to the 2k-framing on J and to the 0-framing on U . Now consider the annulus Σ given by
Observe that R×{−1} = R(J; η, 2k) ⊂ S 3 ×{−1} and R×{1} = R(U ; η) ⊂ S 3 ×{1}. It only remains to check that Σ is nullhomologous, i.e. that [R×I,
. This follows from the fact that the class
already vanishes, since R has winding number 0.
Having provided some examples and constructions of stably slice links, we conclude this subsection by recalling Schneiderman's characterisation of stably slice links [Sch10] .
Theorem 2.10 (Schneiderman). Let L ⊂ S 3 be a link with pairwise vanishing linking numbers. The following are equivalent:
(1) the link L is stably slice;
(2) the following invariants vanish: the triple linking numbers µ ijk (L), the mod 2 Sato-Levine invariants of L, and the Arf invariants of the components of L. 
Abelian invariants
In Theorem 3.10, we establish a bound on the stabilising number in terms of the multivariable signature and nullity. The main technical ingredient is Theorem 3.8, which provides genus restrictions for nullhomologous cobordisms. This section is organized as follows. In Section 3.1, we briefly review the multivariable signature and nullity, and in Section 3.2, we prove Theorems 3.8 and 3.10 .
3.1. Background on abelian invariants. We briefly recall a 4-dimensional interpretation of the multivariable signature and nullity. We refer to [CF08] for the definition in terms of C-complexes.
We start with some generalities on twisted homology. Let (X, Y ) be a CW-pair, let ϕ : π 1 (X) → Z µ = t 1 , . . . , t µ be a homomorphism, and let ω = (ω 1 , . . . , ω µ ) be an element of
C of rings with involutions. In turn, φ endows C with a (C, Z[π 1 (X)])-bimodule structure. To emphasize the choice of ω, we shall write C ω for this bimodule. We denote the universal cover of X as p : X → X, and set
)-bimodule, we may consider the homology groups
which are complex vector spaces. We now describe two examples that we will use constantly in the remainder of this subsection.
µ , we can construct the complex vector spaces H i (X L ; C ω ) as described above.
Example 3.2. Let L ⊂ S 3 be a µ-colored link, and let F = F 1 ∪ · · · ∪ F µ ⊂ D 4 be a collection of connected locally flat surfaces that intersect transversely in double points, and ∂F i = L i . We refer to F as a colored bounding surface for L. In this article, we assume that the F i are connected, but refer to [CNT17] for the general case. The exterior D F of F is a 4-manifold, whose H 1 (D F ; Z) ∼ = Z µ is freely generated by the meridians m 1 , . . . , m µ of F ; see e.g. Lemma 3.4 below. Mapping the meridian m i to the i-th canonical basis vector of Z µ defines a homomor-
is equipped with a C-valued twisted intersection form, whose signature we denote by sign ω (D F ); we refer to [CNT17, Section 2 and 3] for further details.
Next, we recall a definition of the multivariable signature and nullity, which uses the coefficient systems of Examples 3.1 and 3.2.
It is known that σ L (ω) does not depend on the choice of the colored bounding surface F , and that it coincides with the original definition given by CimasoniFlorens [CF08] ; see [CNT17, Proposition 3.5].
In fact, Degtyarev, Florens and Lecuona showed that σ L (ω) can be computed using other ambient spaces than D 4 [DFL18] . We recall this result. In a topological 4-manifold W , we still refer to a collection of locally flat and connected surfaces F = F 1 ∪· · ·∪F µ ⊂ W as a colored bounding surface if the surfaces intersect transversally and at most in double points that lie in the interior of W . We denote the exterior of a colored bounding surface
The next lemma is used to define a C ω -coefficient system on W F .
Lemma 3.4. Let W be a topological 4-manifold with Theorem 3.5. Let W be a topological 4-manifold with ∂W = S 3 and H 1 (W ; Z) = 0.
where W F denotes the exterior of the collection F .
Proof. See [DFL18, Theorem 4.7 and (4.6)]. A close inspection of these arguments shows that they carry through to the topological category.
The 4-dimensional interpretations of both the Levine-Tristram and multivariable signature were originally stated using finite branched covers and certain eigenspaces associated to their second homology group [Vir73, CF08] ; the use of twisted homology only emerged later [Vir09, Pow17, CNT17, DFL18]. We briefly recall the construction of the aforementioned eigenspaces in the one variable case. The multivariable case is discussed in [CC18] . Let X be a CW-complex and let ϕ : H 1 (X) → Z k =: G be an epimorphism. The homology groups of the G-cover X G induced by ϕ are endowed with the structure of a C[G]-module, and H * (X G ; C) = H * (X; C[G]). Use t to denote a generator of G, and let ω be a root of unity. Consider the C-vector space
This space will be referred to as the ω-eigenspace of H k (X; C[G]). Observe C is both a Z[π 1 (X)]-module and a Z[G]-module; in both cases we write C ω .
Lemma 3.6. The C-vector spaces Eig( 
Using this isomorphism and the associativity of the tensor product, we obtain the announced equality:
3.2. Nullhomologous cobordism and the lower bound. The aim of this subsection is to use the multivariable signature and nullity in order to obtain a lower bound on the stabilising number of a link.
Let V be a closed topological 4-manifold with H 1 (V ; Z) = 0 and set W = V # (S 3 × I). Observe that the boundary ∂W = S 3 × {1} − S 3 × {−1} consists of two copies of S 3 .
that have the following properties:
(1) each surface Σ i is connected and has boundary
the surfaces intersect transversally and at most in double points that lie in the interior of W ,
is the 4-ball leading to the connected sum V # (S 3 × I).
In contrast to [CNT17] , we require the surfaces Σ i to be connected. This simplifies notation, and the extra generality is unnecessary for the later applications. We list three natural choices for V . The 4-sphere V = S 4 , where W is S 3 × I and condition (3) is automatic. Another choice is V = S 2 × S 2 . This time, colored cobordisms need not be nullhomologous. Finally, we will briefly consider the cases V = CP 2 , and CP 2 in Example 3.9 below.
µ ] be the subset of all polynomials with p(1, . . . , 1) = ±1, and define
This set is a multivariable generalization of the concordance roots studied in [NP17] ; we refer to [CNT17, Section 2.4] for a more thorough discussion.
The next theorem provides an obstruction for two links to cobound a nullhomologous cobordism.
Theorem 3.8. Let V be a closed topological 4-manifold with
The proof will follow along arguments from [CNT17, Section 3]. We will point out the necessary adaptions, but suppress arguments which go through verbatim.
Proof. As in Lemma 3.4, denote the exterior of Σ in W = (S 3 × I)# V by W Σ . Observe that parts of the boundary of W Σ are identified with the exteriors −X L and X L . Use Lemma 3.4 to pick a homomorphism H 1 (W Σ ; Z) → Z µ that sends the meridians of Σ i to the canonical basis element e i of Z µ . This endows W Σ with the structure of a manifold over BZ µ . The idea of the proof is to bound the twisted signature of W Σ using its twisted Betti numbers. The corresponding twisted signatures are related to the multivariable signatures of L and L , while the twisted Betti numbers are related to the multivariable nullities η L (ω), η L (ω), as well as to χ(Σ i ) and χ(V ).
Proceeding word by word as in [CNT17, Proof of Lemma 3.10], establish that the homology groups decompose as follows:
Deduce the following about the twisted Betti numbers β
Proof of Lemma 3.11]. Next, we estimate the dimension of the space that supports the intersection form of
be the inclusion induced map. The twisted intersection form descends to coker(j). The dimension of this space is β 
Our goal is to compute the twisted signature sign ω (W Σ ). Let F ⊂ D 4 be a colored bounding surface for L and let ν(F ) be a tubular neighborhood for naturally decomposes as
Note that H 1 (Z; Z) vanishes, ∂Z = S 3 , the link L bounds the color bounding surface S ⊂ Z, and the [S i , ∂S i ] ∈ H 2 (Z, ∂Z; Z) vanish; see e.g. Lemma 2.5. We are therefore in the setting of Theorem 3.5 and, consequently, we obtain
Combining this with (3), we therefore deduce that
where Lemma 3.4 is used for the last equality.
We are now in position to conclude. We remark that χ(W Σ ) = χ(W ) − χ(Σ). Combining this observation with Equation (2) and Equation (4), it follows that
Since W was defined as V # (S 3 × I), we deduce that is σ L (−1) = −2. By changing a positive crossing, we obtain the unknot L = U with signature σ U (−1) = 0. We verify the formula of Theorem 3.8 by noting that |0 − (−2) − 1| + 0 ≤ 1.
We now specialize Theorem 3.8 to stably slice links by setting V = nS 2 × S 2 . As a result, we obtain Theorem 1.1 from the introduction. 
Proof. Assume that L bounds m disjoint nullhomologous slice disks in D 4 # nS 2 × S 2 , with n = sn(L). Take V = n S 2 × S 2 and proceed as in [CNT17, Proof of Corollary 3.14] by taking L to be the unlink in Theorem 3.8. This yields
Since L is stably slice, the right hand side of (6) is zero. Since the signature is additive under direct sum and the intersection form of S 2 × S 2 is hyperbolic, sign(n S 2 × S 2 ) also vanishes. Since the Euler characteristic of S 2 × S 2 is 4, we get χ(n S 2 × S 2 ) = 4n − 2(n − 1) = 2n + 2. The result follows.
Next, we provide an example of Theorem 3.10.
Example 3.11. We show that the 6-component link L in Figure 6 has sn(L) = 2. Using (generalised) band pass moves, we see that sn(L) ≤ 2. The equality is obtained using Theorem 3.10. To compute the multivariable signature and nullity of L, we use C-complexes [CF08] . Pick the obvious planar 3-component Ccomplex F for L, all of whose surfaces are discs. A short computation shows that generalized Seifert matrices for L are given by
Consequently, the bound of Theorem 3.10 is equal to
This shows that sn(L) = 2, as claimed. 
Casson-Gordon invariants
We give a bound on the stabilising number in terms of Casson-Gordon invariants in Theorem 4.12, and an example of an algebraically slice knot with non-zero stabilising number. Furthermore, we construct knots K such that sn(K) < g top This section is organized as follows. In Section 4.1, we review Casson-Gordon invariants and in Section 4.2, we prove Theorem 4.12. In Section 4.3, we describe an infinite family of knots that have sn(K) = 1 and g top 4 (K) = 2.
4.1. Background on Casson-Gordon invariants. Given a knot K, we use the following notations: M K is the 0-framed surgery of S 3 along K. Its n-fold cover is denoted by p : M n (K) → M K , and Σ n (K) is the n-fold cover over S 3 branched along K. For the next paragraphs, we fix an epimorphism
For the remainder of this subsection, denote the d-th root of unity by ω = exp(
Since the bordism group Ω 3 (Z d ) is finite, there exists a non-negative integer r, a 4-manifold W and a map ψ :
, gives rise to twisted homology groups H * (W ; C ψ ) and to a C-valued Hermitian intersection form λ C on H 2 (W ; C ψ ), whose signature is denoted sign
On the boundary, we obtain twisted homology groups H * (Σ n (K), C χ ).
Definition 4.1. Let K be a knot and let χ :
Casson and Gordon showed that σ n (K, χ) is well-defined [CG78, Lemma 2.1]. Note that it is sometimes convenient to think of χ as a character with values in Z m with order d; see also Remark 4.4. Analogous signature and nullity invariants are also defined for the more general setting described below.
Remark 4.2. Given a closed 3-manifold with an epimorphism χ : H 1 (M ; Z) → Z d , define a signature invariant σ(M, χ) just as in Definition 4.1: bordism theory ensures the existence of a pair (W, ψ) such that ∂(W, ψ) = r(M, ψ) and declare
Next, we define the invariant τ n (K, χ). Composing the projection-induced map with abelianization gives rise to the map
Since the image of this map is isomorphic to nZ, mapping to it produces a surjective map α : π 1 (M n ) nZ. Two Mayer-Vietoris arguments provide a surjection
. Using this surjection, we deduce that the character χ induces a character on H 1 (M n (K); Z) for which we use the same notation. We have therefore obtained a homomorphism
As the bordism group
is finite, there is a non-negative integer r, a 4-manifold W and a homomorphism ψ :
gives rise to twisted homology groups H * (W ; C(t) ψ ). Assume from now on that d is a prime power. Using [CG86, Lemma 4], this implies that H * (M n (K); C(t) ψ ) = 0. Therefore λ C(t) is non-singular and defines a Witt class [λ W,C(t) ] ∈ W (C(t)). Whereas the standard intersection pairing λ W,Q may be singular, modding out by the radical leads to a nonsingular form λ
Definition 4.3. Let K be an oriented knot, let n, m be positive integers and let χ : H 1 (Σ n (K); Z) → Z m be a prime power order character. The Casson-Gordon τ -invariant is the Witt class
Note that if n is additionally assumed to be a prime power, then τ n (K, χ) provides an obstruction to sliceness [CG86, Theorem 2] . In what follows, we focus on the case n = 2 and abbreviate σ 2 (K, χ), η 2 (K, χ) and τ 2 (K, χ) with σ(K, χ), η(K, χ) and τ (K, χ).
The next remark reviews how the linking form on H 1 (Σ n (K); Z) provides a convenient way to list the finite order characters on H 1 (Σ n (K); Z). Here, recall that given a rational homology sphere M , the linking form β M is a Q/Z-valued non-singular symmetric pairing on H 1 (M ; Z). We write β K instead of β Σ2(K) .
Remark 4.4. Think of the group Z m as the quotient Z/mZ, and note that k → k m defines an isomorphism onto its image in Q/Z. Using this isomorphism, every character χ : H 1 (M ; Z) → Z m defines an element χ/m in the group Hom Z (H 1 (M ; Z), Q/Z). Conversely, any homomorphism H 1 (M ; Z) → Q/Z is of finite order, say m, and so is of the form χ/m for a character χ : H 1 (M ; Z) → Z m . Thus such finite order characters correspond bijectively to elements of Hom Z (H 1 (M ; Z), Q/Z). If M is a rational homology sphere, then the linking form β M is nonsingular, and its adjoint defines an isomorphism H 1 (M ; Z) ∼ − → Hom Z (H 1 (M ; Z), Q/Z). Via these two correspondences, we associate to an element x ∈ H 1 (M ; Z) a character χ x : H 1 (M ; Z) → Z m , or immediately refer to elements χ ∈ H 1 (M ; Z) as characters.
Just as in Remark 4.4, we shall often think of characters on H 1 (M ; Z) as taking values in Q/Z, the choice of m being somewhat immaterial. Motivated by Remark 4.4, we also recall some terminology on linking forms. If B is a nondegenerate size n symmetric matrix over Z, then we can consider the non-singular symmetric pairing
We say that β K is presented by a non-degenerate symmetric matrix B if β K is isometric to λ B . The next remark recalls that Seifert matrices are known to give rise to presentation matrices for β K .
Remark 4.5. Given a knot K, the linking form β K is presented by A + A T , where A is any Seifert matrix for K. [Gor78, p. 31].
We conclude this subsection by mentioning a satellite formula for σ and η in the winding number 0 case. Such a formula is stated in [Abc96] , but as we illustrate in Example A.1 below, it unfortunately contains a mistake. While Appendix A, contains a suitably modified statement, the following result is all we need for the moment.
Theorem 4.6. Let R(J, η) be a satellite with pattern R, companion J, infection curve η and winding number 0. Let χ :
Furthermore, on connected sums, we have
Proof Theorem 4.7 (Gilmer). If a knot K bounds a genus g locally flat surface F ⊂ D 4 , then the linking form β K decomposes as a direct sum β 1 ⊕ β 2 such that the following two conditions hold:
(1) the linking form β 1 has an even presentation matrix of rank 2g and signature σ K (−1); (2) there is a metabolizer G of β 2 such that for all prime power characters χ ∈ G, we have
In order to obtain the corresponding result for stabilising numbers, we start by stating four lemmas: the two first of which are due to Gilmer. The first lemma is crucial to extending characters on a 3-manifold to a cobounding 4-manifold.
Lemma 4.8. If M bounds a spin 4-manifold W , then β M = β 1 ⊕ β 2 , where β 2 is metabolic and β 1 has an even presentation matrix of rank dim Q H 2 (W ; Q) and signature sign(W ). Moreover, the set of characters that extend to H 1 (W ; Z) forms a metabolizer of β 2 .
Proof. See [Gil82, Lemma 1].
The second lemma ensures that the first homology group of certain infinite cyclic covers remains finite dimensional.
The third lemma ensures that we will be able to apply Lemma 4.8 in the context of stabilising numbers.
Lemma
Proof. Since Σ 2 (D) is oriented, it is enough to show that the second Stiefel-Whitney class w 2 (Σ 2 (D)) vanishes. Note that nS 2 × S 2 is spin, since it is simply connected and has even intersection form. Consequently, the manifold D 4 # nS 2 × S 2 is also spin, and its second Stiefel-Whitney class vanishes:
Next, consider the two-fold branched cover π :
Since D is nullhomologous, a result due to Gilmer [Gil93, Theorem 7] ensures the existence of a complex line bundle E with Chern class c 1 (E) = 0 such that
Note that w 2 (E) = c 1 (E) = 0 mod 2 and w 1 (E) = 0 since E is orientable. This implies that both w 2 (E d ) and w 1 (E d ) vanish. Using the Whitney product formula and the naturality of the characteristic classes, in (9), and using (8) yields
Thus w 2 (Σ 2 (D)) = 0 and therefore Σ 2 (D) is spin, as announced.
The next lemma computes the second Betti number of Σ 2 (D).
Proof. This is a homological calculation. Denote the 2-fold unbranched cover of the disk exterior W D by W 2 (D). The action of the deck transformation group of W 2 (D) induces an automorphism of order 2 on For ω = ±1, we saw in Lemma 3.6 that the ω-eigenspace Eig(H k (W 2 (D); C), ω) is isomorphic to the vector space H k (W D ; C ω ). For ω = 1, observe that C 1 is the C[Z 2 ]-module C with the trivial Z 2 -action and therefore
In particular, we deduce that b
Two estimates of Gilmer [Gil81, Propositions 1.4 and 1.5] imply that 
We therefore obtained that
The following theorem, which is Theorem 1.2 from the introduction, provides an obstruction to the stabilizing number that involves the Casson-Gordon invariants. Theorem 4.12. If a knot K bounds a locally flat disc D in D 4 # nS 2 × S 2 , then the linking form β K can be written as a direct sum β 1 ⊕ β 2 such that
(1) β 1 has an even presentation matrix of rank 4n and signature σ K (−1); (2) there is a metabolizer of β 2 such that for all characters of prime power order in this metabolizer,
Remark 4.13. The obstruction in Theorem 4.12 is weaker than the corresponding result for the 4-genus stated in Theorem 4.7. In Theorem 4.12, the form β 1 is presented by a matrix of rank 4n, while in the 4-genus estimate, the form β 1 is presented by a matrix of rank 2g.
Proof of Theorem 4.12. Assume that K bounds a nullhomologous disk D in the stabilised 4-ball D 4 # nS 2 × S 2 , and let W D denote its exterior. Let Σ 2 (D) be the corresponding 2-fold branched cover.
We apply Lemma 4.8 to M = Σ 2 (K) with the cobounding 4-manifold being W = Σ 2 (D) to obtain the splitting of the linking form β K . Lemma 4.10 shows that W is spin, and Lemma 4.11 computes that H 2 (W ; Q) has dimension 4n. Deduce that the linking form β K splits as a direct sum β 1 ⊕β 2 , where β 2 is metabolic and β 1 has an even presentation of rank 4n and signature sign (Σ 2 (D) ).
Let G denote the metabolizer of β 2 that consists of those characters of the group H 1 (Σ 2 (K); Z) that extend to characters of H 1 (Σ 2 (D); Z). For such a character χ ∈ G, in the remainder of this proof, we will establish that
Let M 2 (K) denote the 2-fold cover of M K , the 0-surgery of K. Recall that the character χ on H 1 (Σ 2 (K); Z) gives rise to a character on H 1 (M 2 (K); Z). This was used to define the Witt class τ (K, χ). Representing τ (K, χ) by a Hermitian matrix A(t), setting t = 1, and taking the averaged signature gives rise to a rational number sign av 1 (τ (K, χ)); see [CG86, discussion preceding Theorem 3] for details.
Using consecutively the triangle inequality and an estimate [CG86, Theorem 3], we obtain
As a consequence, (12) will follow once we establish | sign av 1 (τ (K, χ))+σ K (−1)| ≤ 4n. Use d to denote the order of χ. Recall that τ (K, χ) = τ (M 2 (K), α × χ) is defined as a difference of two Witt classes that arise from a 4-manifold cobounding
We claim that W 2 (D) is such a cobounding 4-manifold. Clearly, M 2 (K) bounds W 2 (D) and so we check that the representation extends. Since χ belongs to G, it extends to H 1 (Σ 2 (D); Z) and therefore to H 1 (W 2 (D); Z). On the other hand, recall that α :
is the map induced by the covering projection, and is thus extended by the covering projection induced map
The signature sign 
is also a cover of W D . Therefore, we can apply Lemma 4.9 to Y = W D to obtain that
(W 2 (D)) = 0, and the claim is proved. The Euler characteristic can be computed with any coefficients. Therefore, the claim implies that β
) is equal to the Euler characteristic χ(W 2 (D)) = 2χ(W D ) = 2(1 − 1 + 2n) = 4n of the unbranched cover. We have established that sign av 1 (λ C(t)α×χ (W 2 (D))) ≤ 4n and the theorem will follow promptly from the following claim:
Recall that for ω ∈ C, the twisted intersection form of W D with coefficient system C ω is denoted by λ C ω (W D ). Taking ω = −1, we know from Theorem 3.5 that σ K (−1) = sign λ C −1 (W D ) . Using Lemma 3.6, this twisted signature is the same as signature of the tensored up intersection form on
. This is the same as the signature of the intersection form on W 2 (D) restricted to the (−1)-eigenspace of H 2 (W 2 (D); C). Since we are dealing with double covers, sign(W 2 (D)) is equal to the sum of the (+1)-signature and the (−1)-signature.
J J Figure 7 . The satellite knot R(J, J) described in Example 4.14.
The (+1)-signature is the signature of W D and is therefore trivial. The claim follows.
Using the claim, we know that the signature of the presentation matrix for β 1 is the signature σ K (−1). On the other hand, using (13) and the claim, we deduce that | sign
We already saw above that this quantity is bounded by 4n, and as we already mentioned, this was the last step to establish (12). This concludes the proof of the theorem.
The next example provides an application of Theorem 4.12.
Example 4.14. We construct an algebraically slice knot whose stabilising number is at least 2: set R := 9 46 and pick a knot J with the following properties:
(1) the signature of J satisfies σ J (e 2πi/3 ) > (K) = 2, then Theorem 4.7 provides the decomposition β K = β 1 ⊕ β 2 , where β 1 is presented by a rank 4 matrix and where β 2 admits a metabolizer G such that for every character χ ∈ G, the following inequality holds:
We compute the Casson-Gordon invariant using satellite formulas; cf. [Gil82, FG03] for an approach using surgery formulas. Let F denote the planar Seifert surface for K and let e 1 , f 1 , e 2 , f 2 , e 3 , f 3 be the curves in S 3 \ F that are Alexander dual to the canonical generators of H 1 (F ; Z), i.e. to the cores of the bands of F . Recall that these curves generate
Figure 8. The knot R together with the curves η i , which give rise to the infection R(J 1 , J 2 , J 3 ).
characters among χ 1 , χ 2 , χ 3 minus one. Thus 0 ≤ δ ≤ 2 for χ = 0. Set ω := e 2πi/3 . Applying the satellite formulas of Theorem 4.6, we obtain
where in the last equality we used that η J (ω) = 0 if ∆ J (ω) = 0. To see this latter fact, note that η J (ω) can be defined as the nullity of the Hermitian matrix (1 − ω)A + (1 − ω)A T , where A is any Seifert matrix for J. If χ(e i ), χ(f i ) do not all vanish, then
for suitable choices χ, χ : (14) cannot be fulfilled, and g top 4 (K) > 2. The same reasoning shows that sn(K) ≥ 2. Namely, if sn(K) = 1, then Theorem 4.12 shows that β K = β 1 ⊕ β 2 , with β 1 admitting a rank 4 presentation matrix; the reasoning is analogous to the above.
4.3.
The stabilising number is not the 4-genus. We give an example of an infinite family of knots R(J 1 , J 2 , J 3 ) with sn(R(J 1 , J 2 , J 3 )) = 1, but topological 4-genus g top 4 (R(J 1 , J 2 , J 3 )) = 2, proving Proposition 1.5 from the introduction. The first part of this subsection is devoted to showing that sn(R(J 1 , J 2 , J 3 )) ≤ 1, while the second uses Casson-Gordon invariants to show that g top 4 (R(J 1 , J 2 , J 3 )) = 2 for appropriate choices of J 1 , J 2 , J 3 .
Consider the knot R(J 1 , J 2 , J 3 ) depicted in Figure 8 . Observe that it is obtained as a winding number 0 satellite with pattern R := R 1 #R 2 by infecting along
Figure 9. The slice knot R(J 1 , U, J 3 ) depicted with the necessary band-moves.
the curves η 1 , η 2 , η 3 also depicted in Figure 8 . Since the η i are winding number 0 infection curves, the following corollary is an immediate consequence of Lemma 2.9.
Corollary 4.15. The knot K = R(J 1 , J 2 , J 3 ) has stabilising number sn(K) ≤ 1 for any choice of knots J 1 , J 2 , J 3 .
Proof. By Lemma 2.9, the knot K is 1-stably concordant to the knot R(J 1 , U, J 3 ). The knot R(J 1 , U, J 3 ) is slice by the bands-moves depicted in Figure 9 . Gluing the annulus to the slice disk, we obtain a stable slice disk for R(
Next, we use Casson-Gordon invariants and Theorem 4.7 to show that for appropriate choices of J 1 , J 2 , J 3 , the knot R(J 1 , J 2 , J 3 ) has 4-genus 2. This will be based on a computation of the Casson-Gordon σ-invariant for satellite knots and will make use of the satellite formulas of Theorem 4.6.
A symmetrized Seifert matrix for R(J 1 , J 2 , J 3 ) is given by 0 3 3 0 ⊕ 0 5 5 0 .
Using Remark 4.5, this matrix presents
5 and the linking form it supports.
The next proposition provides a criterion ensuring that g top 4 (R(J 1 , J 2 , J 3 )) = 2, which is fulfilled for example by taking J i to be a large enough connect sum of the knot −9 35 . Proposition 4.16. Assume the knots J 1 , J 2 , J 3 satisfy the following conditions for all ω with ω 15 = 1:
where χ, χ range over prime-power order characters H 1 (Σ 2 (R); Z) → Z 15 . Then the knot R(J 1 , J 2 , J 3 ) has topological 4-genus at least 2:
As we mentioned above, our goal is to apply the genus obstruction of Theorem 4.7. Denote the unknot by U . Since R(J 1 , J 2 , J 3 ) and R(U, U, U ) = R 1 # R 2 have the same Seifert matrix, we have
and the linking forms of the two are isometric. Abbreviate R(J 1 , J 2 , J 3 ) by K. Pick a non-trivial prime-power order character χ : H 1 (Σ 2 (K); Z) → Z 15 . In order to apply Theorem 4.7, we must compute the Casson-Gordon invariants σ(K, χ) and η(K, χ). This will be done by using the satellite formula described in Theorem 4.6. Observe that K is a winding number 0 satellite knot with pattern R(J 1 , U, J 3 ) = R 1 (J 1 , U )# R 2 (U, J 3 ), infection curve η 2 and companion J 2 . The previous paragraph implies that to the character χ : H 1 (Σ 2 (K); Z) → Z 15 correspond characters χ 1 : H 1 (Σ 2 (R 1 ); Z) → Z 15 and χ 2 : H 1 (Σ 2 (R 2 ); Z) → Z 15 , which take values in Z 3 = 5 · Z 15 and Z 5 = 3 · Z 15 . Since χ has prime power order, one of the characters χ 1 , χ 2 vanishes.
Let ω = e 2πi/15 . Using repeatedly the satellite and connected sum formulas of Theorem 4.6, and remembering that one of the χ i must be trivial, we obtain
We will now make these expressions more explicit. Let F be the planar Seifert surface for R 1 # R 2 . Use e 1 , f 1 , e 2 , f 2 to denote the curves in S 3 \ F that are Alexander dual to the canonical generators of H 1 (F ; Z). Observe that these curves are generators of H 1 (Σ 2 (K); Z) and that η 1 = e 1 , η 3 = f 2 and η 2 = f 1 −e 2 . As a consequence, we have
where we used that η J (ω k ) is zero for k = 0, . . . , 14.
Claim. If χ is a non-trivial prime-power order character, then
Since χ is non-trivial, at least one of χ 1 (e 1 ), χ 1 (f 1 ),χ 2 (e 2 ), χ 2 (f 2 ) is non-trivial. Also, only one of χ 1 (f 1 ), χ 2 (e 2 ) can be non-trivial, since χ is of prime power order. This implies that not all of ω χ1(e1) , ω χ2(f2) , ω χ1(f1)−χ2(e2) can be 1. Using the hypothesis on the J i , estimate
for a suitable k ∈ Z which is not divisible by 15. Now we use these observations to conclude. By means of contradiction, assume that K bounds a surface of genus g = 1 in D 4 . Theorem 4.7 tells us that the linking form β K decomposes as β 1 ⊕ β 2 , where β 1 has an even presentation matrix of rank 2g = 2 and β 2 has a metaboliser G. Thus β 2 is non-trivial, and so also G is non-trivial. Deduce that G has to contain a non-trivial element χ of prime power order. Invoking Theorem 4.7, this element has to fulfill the equation (16) |σ(K, χ) + 0| − η(K, χ) ≤ 4g + 1 = 5, which contradicts the claim above. We deduce that g top 4 (K) ≥ 2. The next remark outlines how higher order invariants also give rise to lower bounds on the stabilising number. We do not discuss the definition of these invariants but instead refer the interested reader to [COT03] and [CHL09, Section 2].
Remark 4.17. Given a link L, we describe how von Neumann-Cheeger-Gromov ρ-invariants of the 0-framed surgery M L produce lower bounds on sn(L). Assume that L is sliced by a nullhomologous disk
The difficulty in applying this result lies in finding representations
Stabilisation and the 4-genus
We recall the relation between the Arf invariant of a knot K and framings on surfaces bounded by K using spin structures; see [FK78] , [Kir89, Section XI.3] and [Sco05, Section 11.4]. Then we surger a surface down to a disk while stabilising the ambient manifold.
5.1. Stable framings and spin structures. In this subsection, we briefly recall the definition of the spin bordism group and fix some notations on vector bundles.
A (stable) spin structure on a manifold M is a stable trivialisation on the 1-skeleton of the tangent bundle T M that extends over its 2-skeleton. Here, a spin structure refers to the stable notion, which is customary in bordism theory, and not the unstable one employed in gauge theory. The bordism group of spin nmanifolds is denoted Ω spin n . If the n-manifolds come with a map f : M → X to a fixed space X, then we use Ω spin n (X) to denote the corresponding bordism group over X. We refer to [Sto68, p. 16] for details, but note that most of the literature uses the stable normal bundle of M . We will often specify spin structures on M by indicating stable framings of T M .
Remark 5.1. Since a spin structure is a stable framing of the 1-skeleton that extends over the 2-skeleton, on a surface it is just a stable framing. In other words, one has Ω spin 2 = Ω fr 2 . Since bundles play an important role in this section, we start by fixing some notation and terminology.
Remark 5.2. If ι : Σ W is an immersion and ξ is a bundle over W , then the restricted bundle ξ| Σ over Σ has the same fibers as ξ, but viewed over Σ. In other words, ξ| Σ is the pullback ι * (ξ). We will mostly consider the case where ξ = T W is the tangent bundle. If we use ν W (Σ) to denote the normal bundle of Σ inside W , then we have
Next, we discuss framings. Assume Σ ⊂ W is a k-dimensional submanifold of a framed m-manifold W . This means that we have fixed a trivialisation of T W , that is, we have a framing given by sections (s 1 , . . . , s m ) and an isomorphism of vector bundles (s 1 , . . . , s m ) : by ((a 1 , . . . , a m 
Suppose in addition we are also given a framing (n 1 , . . . , n m−k ) :
We obtain a stable tangential framing of Σ by the composition
It is important to note that this stable framing of T Σ ⊕ R m−k depends not only on (s 1 , . . . , s m ) but also on the frame (n 1 , . . . , n m−k ).
To keep the notation on the arrows at bay, we make use of the following notation. Given a knot K ⊂ S 3 , our first aim is to define a stable tangential framing on M K . Consider the standard embedding S 3 ⊂ R 4 . The normal bundle ν R 4 (S 3 ) is 1-dimensional and oriented, so fix a framing R = ν R 4 (S 3 ). The coordinate vector fields therefore give a stable tangential framing
By restriction, the stable framing fr S 3 defines a stable tangential framing on the exterior X K = S 3 \ν(K). To obtain a framing on M K , the unique framing on
has to agree on S 1 × D 2 with the framing fr
Construction 5.3. Trivialise ν(K) ∼ = K × D 2 using the Seifert framing. This means that the curve K × {1} ⊂ K × D 2 is the 0-framed longitude of K, or equivalently, frame the normal bundle ν S 3 (K) ∼ = R 2 t S , n S using the outer normal t S and the normal vector field n S of a Seifert surface S ⊂ S 3 [GS99, Proposition 4.5.8]. This can be reformulated in terms of tangential framings as follows: the Seifert framing gives a stable framing
Since T K ⊕ R t S is T S| K , the knot K with the framing fr K is bounded by the Seifert surface, and so is nullbordant. Inside D 2 × D 2 , the circle S 1 × {0} has a stable tangential framing given by
where t D 2 denotes the outer normal vector of D 2 . By construction, S 1 bounds D 2 , and so fr S 1 is nullbordant as well. Since [S 1 , SO(4)] ∼ = Z 2 , two stable tangential framings on S 1 are bordant if and only if they are homotopic. This implies that the framings fr K and fr S 1 give rise to a framing af :
Proof. Since the loop γ is contained in a 4-ball, we may assume that γ is contained the S 4 summand of a connected sum W # S 4 . Consequently, it is enough to verify that surg(S 4 , γ, f γ ) = S 2 ×S 2 . Isotope γ to the unit circle U ⊂ R 2 ×{0} ⊂ R 4 ∪{∞}. The nullbordant framing is represented by the coordinate vectors f γ = (e 1 , . . . , e 4 ) . This framing is induced by the trivialisation (n U , e 3 , e 4 ) of ν D 4 (U ), where n U is the normal vector of U ⊂ R 2 . This gives exactly the decomposition
As we shall see below, performing surgery on half a symplectic basis of a genus g locally flat surface Σ ⊂ D 4 gives rise to a disc in D 4 # gS 2 × S 2 . We must verify that this disc is nullhomologous.
Let Σ ⊂ D 4 be a properly embedded surface and let γ ⊂ Σ be an embedded loop in Σ. Pick an embedded disk C ⊂ D 4 with ∂C = γ, which intersects Σ normally along the boundary ∂C and transversely in Int C; see Figure 10 below. Such a disc C is called a cap for γ ⊂ Σ if the algebraic intersection number Σ · C is zero. In the literature, caps are usually neither assumed to be embedded nor to have winding number zero with Σ [COT03, FQ90, CST12] . Since all our caps will have both these properties, we permit ourselves this shortcut.
Remark 5.11. A cap for γ ⊂ Σ always exists: one can isotope any cobounding disk γ = ∂C to be a cap for γ ⊂ Σ by first making Int(C) transverse to Σ, and then arranging that C · Σ = 0, by spinning C around ∂Σ [Sco05, Figure 11 .14].
Next, we use a cap to define a second stable framing on an embedded loop γ ⊂ Σ and compare it to the stable framing f γ from Construction 5.5.
Construction 5.12. Given a cap C, denote the outer-normal vector of C by t C , i.e. the vector field t C is the section of T D 4 | ∂C obtained as the image of the outernormal vectors under the differential T C| ∂C → T D 4 | ∂C . As C intersects Σ normally along ∂C, we deduce that t C is also a section of ν D 4 (Σ)| ∂C . As ν D 4 (Σ)| ∂C is a 2-dimensional oriented vector bundle, the section t C can be complemented with a linearly independent section v γ (C) such that (t C , v γ (C)) is a positively oriented frame of ν D 4 (Σ)| ∂C . The section v γ (C) is unique up to homotopy, but note that it might not extend to a section of ν D 4 (C). Denote the normal vector of γ in Σ by n γ . Using (17) twice, we obtain a stable framing of T γ as (22) fr γ (C) :
We wish to relate the stable framing fr γ (C) of γ to the stable framing f γ that we defined in (20). To make this precise, we require some terminology.
Let Fr(ξ) denote the frame bundle of a vector bundle ξ: the fibre over a point x consists of all bases of the fiber ξ x . We say two framings of ξ are homotopic, if the associated sections in Fr(ξ) are homotopic through sections.
The next lemma relates the stable tangential framings f γ and fr γ (C) of γ.
Lemma 5.13. Let C be a cap for an embedded loop γ ⊂ Σ. The stable framing fr γ (C) of (22) is homotopic to the stable framing f γ on γ defined in (20).
Proof. We first recall the definition of f γ . Proceed as in the proof of Proposition 5.9 to construct a 3-manifold M ⊂ D 4 \ Σ, whose boundary is Σ ∪ ∂ S for some Because the first vector of both framings is n γi , the surgered surface Σ sits as a submanifold in W . The surface Σ is a disk bounded by K. Furthermore, the ambient manifold W is D 4 # gS 2 × S 2 : since µ f (γ i ) = 0, the (normal) framing (n γi , t M , n M ) give rise to the nullbordant tangential framing of γ i . By Lemma 5.13, (n γi , t M , n M ) is homotopic to (n γi , t Ci , v γi (C i )), and so the latter (normal) framing also gives rise to the nullbordant tangential framing of γ i . By Lemma 5.10, the result W of surgery along (n γi , t Ci , v γi (C i )) is D 4 # gS 2 × S 2 . We have to check that the disk Σ is nullhomologous in W = D 4 # gS 2 × S 2 . To show this, it is enough to show that Σ intersects algebraically zero with 2g linearly independent classes in H 2 (D 4 # gS 2 × S 2 ; Z). We now construct these classes. 
We now construct n more classes a i such that a i · b j = δ ij and a i · Σ = 0. As we mentioned above, this is enough to show that Σ is nullhomologous.
The surgery along γ i is performed by removing γ i × D 3 . This γ i × D 3 was obtained by trivializing the normal bundle ν D 4 (γ i ) by n γ , t Ci , v γi (C i ). We think of n γ , t Ci , v γi (C i ) as an orthonormal system of coordinates for
; this is an embedded disc in W whose boundary is the push-off γ 
As we have seen above, these equalities and (23) are enough to show that Σ is nullhomologous. We have therefore constructed our nullhomologous slice disc for K in D 4 # gS 2 × S 2 , concluding the proof of the theorem.
Appendix A. The satellite formula for the Casson-Gordon σ invariant.
As we reviewed in Subsection 4.1, Casson and Gordon defined a signature defect σ(K, χ) [CG78, CG86] and a Witt class τ (K, χ) [CG78] . Litherland proved a satellite formula for τ (K, χ) [Lit84, Theorem 2] and Abchir proved a satellite formula for σ(K, χ) [Abc96, Theorem 2, Case 2; Equation (4)]. While Litherland's formula involves the signature of the companion knot, in some cases Abchir's formula does not.
The next example shows that something is missing from Abchir's formula.
Example A.1. Set R := 9 46 and consider the knot K := R(J 1 , J 2 ) depicted in Figure 11 below. The 2-fold branched cover of both R and K has first homology Z 3 ⊕ Z 3 . Set ω := e 2πi/3 . Use Akbulut-Kirby's description [AK80] of the 2-fold branched cover in terms of a surgery diagram. For the Z 3 -valued character that maps each generator to 1, this surgery diagram and the surgery formula for the σ-invariant [CF08, Theorem 6.7] imply that
On the other hand, Abchir's satellite formula [Abc96, Theorem 2, Case 2] implies that σ(K, χ) = σ(R, χ). The Levine-Tristram signature terms do not appear in this expression. Figure 11 . The satellite knot R(J 1 , J 2 ) described in Example A.1.
Theorem A.5 below gives a corrected version of the formula, which agrees with the computation in Example A.1. In Section A.1, we describe some constructions that appear in the proof of Theorem A.5; this proof is carried out in Section A.2. In Section A.3, we describe some corollaries of Theorem A.5. In Section A.4, we prove a winding number zero satellite formula for the Casson-Gordon nullity.
Notation. For a knot J, we write X J for the exterior, M J for the 0-framed surgery, and Σ n (J) for the n-fold branched cover of J. The meridian µ J of J generates the groups H 1 (X J ; Z) ∼ = Z and H 1 (M J ; Z) ∼ = Z, and the quotient homomorphisms H 1 (X J ; Z) → Z n and H 1 (M J ; Z) → Z n give rise to n-fold covers denoted by X n (J) and M n (J). While the longitude λ J of J lifts to a loop in X n (J), the meridian µ J does not. We use µ J to denote the lift of µ n J . Finally, we use Ch n (J) to denote the set of characters H 1 (Σ n (J); Z) → Z d . For a character χ ∈ Ch n (J), we abbreviate σ(Σ n (J), χ) by σ n (J, χ).
A.1. Branched covers of satellite knots. Let P (K, η) be a satellite knot with pattern P , companion K, infection curve η ⊂ X P and winding number w = k(P, η). Set h := gcd(n, w) and use µ η for the meridian of η inside X P . We recall the description of the branched cover Σ n (P (K, η)) in terms of Σ n (P ) and X n/h (K).
Consider the covering map π n : X n (P ) → X P . Use φ : π 1 (X P ) → Z for the abelianisation map. Since φ(η) = w and the subgroup w · Z n ⊂ Z n has index h, the set π −1 n (η) consists of h components η i for i = 1, . . . , h. Compared to X n (P ), the submanifold X n (P ) \ ∪ h i=1 ν(η i ) has h additional boundary components ∂ν(η i ). For each i, we frame ∂ν(η i ) by lifting the framing of ∂ν(η), that is we pick a circle µ i η ⊂ ∂ν(η i ) covering µ η , and λ i η ⊂ ∂ν(η i ) covering λ η . Also, pick circles µ K and λ K in ∂X n/h (K) that cover the meridian and the longitude of K.
Following Litherland [Lit84, p.337] , the next lemma describes a decomposition of the branched cover Σ n (P (K, η)).
Lemma A.2. Let P (K, η) be a satellite knot with pattern P , companion K, infection curve η and winding number w = k(P, η). Set h := gcd(n, w). Take h copies of X n/h (K), labelled by X 
Proof. Observe that X P (K,η) = X P \ ν(η) ∪ X K , where ∂ν(η) is glued to ∂ν(K) via µ η ∼ λ K and λ η ∼ µ K . Now consider the covering map X n P (K, η) → X P (K,η) . Note that X n (P (K, η)) contains a single copy of X n (P ). The h tori ∂ν(η i ) separate X n (P ) from the h copies of X n/h (K), which we denoted by X i n/h (K). The pieces X n (P ) and X i n/h (K) are glued exactly as stated in the lemma. This gives the following decomposition:
To obtain the corresponding decomposition for Σ n P (K, η) , fill the remaining boundary component with a solid torus.
A.2. The satellite formula for the Casson-Gordon σ-invariant. Inspired by [CHL09, proof of Lemma 2.3], we construct a cobordism C between Σ n (P (K, η)) and Σ n (P ) i M i n/h (K) in order to relate the subsequent signature defects. 
by identifying the meridian of the solid torus S 1 × D 2 with −λ K and the longitude with µ K , the choice of the coefficient system on M K and X K implies that the corresponding cover of M K is obtained as
where we glue in such a way that the meridian of S 1 × D 2 is mapped to − λ K , and the longitude to µ K . The cobordism C is defined by attaching a round 1-handle, i.e. as the quotient
where the relation ∼ identifies the solid torus ν(η i ) × {1} ⊂ Σ n (P ) × {1} with the solid torus
n/h (K) and the top boundary is Σ n (P (K, η)) by Lemma A.2.
Write Ch(X) for the set of homomorphisms H 1 (X; Z) → Z d , and for a continuous map f : X → Y , write f * : Ch(Y ) → Ch(X) for the pullback. Note that if f is surjective on H 1 , then f * is injective. Next, we describe the characters in Ch(∂C) that extend over H 1 (C; Z).
The next lemma describes the characters on H 1 (∂C; Z) that extend to whole bordism C; it also gives a description of the set Ch n (P (K, η)); compare with [Lit84, Lemma 4].
Lemma A.4. There exists a unique map φ such that the diagram below commutes:
This map φ has the following properties:
(1) the map φ is injective and induces a bijection onto the set
(2) for φ(χ) = (χ P , {χ i }), there exists a character χ C : H 1 (C; Z) → Z d on the cobordism C of Construction A.3 that restricts to χ on the top boundary and to (χ P , {χ i }) on the bottom boundary.
Proof. Mayer-Vietoris arguments show that H 1 (M The uniqueness of the map φ follows from the fact that g * P and g * K,i are injective: indeed g P and g K,i are surjective on H 1 .
To establish the existence of φ, we compute the image of g * P and g * K,i . The image of g * P is {χ P : χ P ( µ i η ) = 0}. The image of g * K,i is {χ i : χ i ( λ i K ) = 0}. What remains to be shown is that the codomain of ( f * P , f * K,i ) is contained in the sum of these images. Suppose we are given a χ ∈ Ch n P (K, η) . Note that λ i K bounds a lift of a Seifert surface of K in X n/h (K). Consequently, χ( λ , η) ) and so we deduce that χ(µ i η ) = 0. This establishes the existence of a map φ.
The injectivity of φ follows from the fact that f * P ⊕ i f * K,i is injective. As above, this follows from the fact that f P and f K,i induce surjective maps on H 1 .
We check that φ surjects onto E and verify (2). Let (χ P , {χ i }) ∈ E be characters defined on the bottom boundary of the cobordism C of Construction A.3. Since χ P (η i ) = χ i ( µ i K ), these characters extend to a character χ C : H 1 (C; Z) → Z d on all of C. This proves (2), but also produces a character χ ∈ Ch n (P (K, η)) on the top boundary of C. Since Σ n (P ) \ i ν(η i ) × I ⊂ C, we obtain that f * P (χ) = χ P . Similarly, f * K,i (χ) = χ i . This shows that φ(χ) = (χ P , {χ i }), proving the surjectivity of φ.
The next result provides a satellite formula for σ(K, χ); corollaries can be found in the next subsection.
Theorem A.5. Let n be a positive integer. Let P (K, η) be a satellite knot with pattern P , companion K, infection curve η and winding number w. Set h := gcd(n, w). Fix a character χ ∈ Ch n (P (K, η)) and let χ P ∈ Ch n (P ) and χ i ∈ Ch(M i n/h (K)) be the characters determined by the bijection of Lemma A.4. If the character χ has prime-power order, then
Proof. Choose 4-manifolds W (P ) and W 1 (K), . . . , W h (K) whose boundary respectively consist of the disjoint unions rΣ n (P ) and rM 1 n/h (K), . . . , rM h n/h (K), and such that the representations χ P and χ 1 , . . . , χ h respectively extend. Glue these 4-manifolds to r disjoint copies of the cobordism C of Construction A.3 in order to obtain
By construction, we have ∂W = rΣ n (P (K, η) ). Invoking the second item of Lemma A.4, we know that χ = (χ P , {χ i }) extends to a character on H 1 (C; Z). The aforementioned characters therefore extend to a character on W . Therefore, W can be used to compute σ n (P (K, η), χ). Set dsign ψ (C) := sign ψ (C) − sign(C). Several applications of Wall's additivity theorem [Wal69] imply that
The theorem will be proved once we show that dsign ψ (C) = 0. By construction, the intersection of Σ n (P ) × [0, 1] and
Consequently, the Mayer-Vietoris exact sequence for C (where the coefficients are either C ψ or Z) gives
We claim that for either of the two aforementioned coefficient systems, the map ι :
We start with the untwisted case. Thanks to the identification η i ∼ µ n/h (K); Z) and is therefore injective. Next, we take care of the twisted case. Since the coefficient system maps η i to ω χ(ηi) , we get H 1 (η i ×D 2 ; C ψ ) = 0 for ω = 1 and the claim follows.
The theorem follows: using the exact sequence displayed in (25), we deduce that all of second homology of C comes from the boundary and therefore the signatures are zero. Consequently, dsign ψ (C) in (24) is zero. This concludes the proof of the theorem.
A.3. Corollaries to Theorem A.5. First, we consider the case where the winding number is zero mod n.
Corollary A.6. Using the same notation as in Theorem A.5, we assume that the character χ is of prime power order d and set ω := e 2πi/d . If the winding number w satisfies w = 0 mod n, then σ n (P (K, η), χ) = σ n (R, χ) + n i=1 σ K (ω χ(ηi) ).
Proof. By assumption, we have h = n and therefore σ(M n/h (K), χ i ) = σ(M K , χ i ). By definition of χ i , we have χ i (µ i K ) = χ(η i ). We claim that σ(M K , χ i ) = σ K (ω χ(ηi) ). If χ i (η i ) is trivial, then χ i is trivial and so σ(M K , χ i ) = 0 = σ K (1). If χ i (η i ) is non-trivial, then the claim follows from the surgery formula for σ(M, χ) [CG78, Lemma 3.1]. Since σ(M K , χ i ) = σ K (ω χ(ηi) ), the result now follows from Theorem A.5.
The next example further restricts to the knot R(J 1 , J 2 ) described in Example A.1. The result agrees with the computation made in that example.
Example A.7. Set ω = e 2πi/3 . The knot R(J 1 , J 2 ) is obtained by 2 successive satellite operations on R along the curves η 1 , η 2 . These curves generate the homology group H 1 Σ 2 (R(J 1 , J 2 )); Z and we consider the Z 3 -valued character χ that maps each of these curves to 1. Applying Corollary A.6 a first time gives σ(R(J 1 , U )) = σ(R, χ) + 2σ J1 (ω). Applying it a second time recovers the computation made in Example A.1: σ(R(J 1 , J 2 ), χ) = σ(R, χ) + 2σ J1 (ω) + 2σ J2 (ω).
The next corollary recovers the well known additivity result of the CassonGordon invariant under connected sums [FG03, Proposition 2.5]. A connected sum P # K is a satellite P (K, η), with infection curve η equal to a meridian of P . As a consequence, we have w = 1 and h = 1. Lemma A.4 associates to χ ∈ Ch n (P # K) characters χ P ∈ Ch n (P ) and χ 1 ∈ Ch(X n (K)). Recall that χ 1 ( µ K ) = χ P ( η). In our case, η = µ P is zero in H 1 (Σ n (P ); Z), and we deduce that χ 1 ( µ K ) = 0. Thus χ 1 defines a character χ K ∈ Ch n (K) on H 1 (Σ n (K); Z).
Corollary A.8. Let χ ∈ Ch n (P # K) be a character. Let χ P , χ K be the characters constructed above. Then σ n (P # K, χ) = σ n (P, χ P ) + σ n (K, χ K )
Proof. The connected sum P # K is obtained as the satellite P (K, η), where the infection curve is η is a meridian of P . Theorem A.5 therefore implies that σ n (P # K, χ) = σ n (P, χ P ) + σ(M n (K), χ 1 ).
We are left to show that σ(M n (K), χ 1 ) = σ n (K, χ K ). Recall from the discussion above, that χ 1 ( µ K ) = 0, and M n (K) = X n (K) ∪ S 1 × D 2 . It follows that M n (K) is obtained by surgery on Σ n (K). Consider the trace W of the dual surgery. Since χ 1 ( µ K ) = 0, the character χ 1 extends over W , and restricts to χ K on Σ n (K). From the cobordism invariance of the signature, we deduce the equality σ(M n (K), χ 1 ) = σ n (K, χ K ).
A.4. A satellite formula for the Casson-Gordon nullity. Before describing a satellite formula for the Casson-Gordon nullity, we state an algebraic lemma whose proof is left to the reader.
Lemma A.9.
(1) If A Given a character χ, let J denote the set {1 ≤ i ≤ n : χ(η i ) = 0}. When w = 0 mod n, we have H 1 (M n/h (K); Z) = H 1 (M K ; Z) = H 1 (X K ; Z), and Lemma A.4 associates to any character χ ∈ Ch n (P (K, η)) a character χ P ∈ Ch n (P ) and characters χ i ∈ Ch(X K ) for i = 1, . . . , n.
The next result describes a satellite formula for the Casson-Gordon nullity.
Proposition A.10. Let n be a positive integer, let P (K, η) be a winding number 0 satellite knot and let χ ∈ Ch n (P (K, η)) be a character of prime power order d. Set ω := e 2πi/d , and let (χ P , {χ i }) and J be as above. Then η n (P (K, η), χ) = η n (P, χ P ) + i / ∈J η K (ω χi(ηi) ).
Proof. Recall the decomposition Σ n (P (K, η)) = Σ n (P ) \ i ν(η i ) ∪ i X i K that was described in Section A.1. Consider the following Mayer-Vietoris sequence with coefficients in C χ :
Since χ is non-trivial, we deduce that H 0 (Σ n (P (K, η)); C χ ) = 0. Given a connected space X, recall that if ψ : π 1 (X × S 1 ) → C is a homomorphism that is non-trivial on [{pt} × S 1 ], then C(X × S 1 ; C ψ ) is acyclic. Apply this to the sequence in (26) to obtain
When i / ∈ J, we have χ(η i ) = 0 and therefore a Mayer-Vietoris argument also shows that we can fill back in the solid tori ν(η i ) without changing homology: namely one has H k (Σ n (P ) \ i ν(η i ); C χ P ) = H k (Σ n (P ) \ i∈J ν(η i ); C χ P ). So far, we have simplified the Mayer-Vietoris sequence (27) to the sequence
We focus on the degree 0 part of this sequence. For i ∈ J, we know that χ i (µ i K ) = 0 and so the coefficient system on X i K is trivial, i.e. H k (X i K ; C χi ) = H k (X i K ; C); the same observation holds for ν(η i ). Thus ⊕ i∈J H 0 (ν(η i ); C) → ⊕ i∈J H 0 (X i K ; C) is an isomorphism and the sequence (28) reduces to:
Recall that H 1 (∂ν(η i ); C) = C µ i K , µ ηi . Also, i∈J C µ i K − → H 1 (X i K ; C) is an isomorphism. We apply Lemma A.9 (1) to simplify the sequence (29) to (30) → i∈J C µ ηi → H 1 (Σ n (P )\ i∈J ν(η i ))⊕ i / ∈J H 1 (X i K ; C χi ) → H 1 (Σ n (P (K, η))) → 0.
Before concluding, we must recover the homology of Σ n (P ). By filling the boundary tori of Σ n (P )\ i∈J ν(η i ), the Mayer-Vietoris exact sequence and Lemma A.9 (1) give (31) → i∈J C µ ηi → H 1 (Σ n (P ) \ i∈J ν(η i ); C χ P ) → H 1 (Σ n (P ); C χ P ) → 0.
Applying Lemma A.9 (2) to the sequences (30) and (31) leads to the short exact sequence 0 → H 1 (Σ n (P ); C χ P ) ⊕ i / ∈J H 1 (X i K ; C χi ) → H 1 (Σ n (P (K, η)); C χ ) → 0.
Consequently, η n (P (K, η), χ) = η n (P, χ P ) + i / ∈J dim C H 1 (X i K ; C χi ). When i / ∈ J, we have dim C H 1 (X i K ; C χi ) = η K (ω χi(ηi) ) (see e.g. [CNT17, Proposition 3.4]) and the proof is concluded.
